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V I B R A T I O N S  OF AN E L A S T I C  I N H O M O G E N E O U S  

S O L I D  W E A K E N E D  BY A C I R C U L A R  S L I T  

G.  P .  K o v a l e n k o  UDC534.539.3 

The vibrat ions  of an e las t ic  homogeneous  solid,  weakened by a c i r c u l a r  sl i t ,  were d iscussed  in [1]. 
A solution of the corresponding s ta t ic  p rob lem was set  forth in [2, 3]. For  a medium whose Lam~ p a r a m e t e r s  
and density depend on the coordinate z, the analogous problem is complicated considerably and admits  of an 
effective analyt ical  solution only for cer ta in  cases  of the dependence of the above functions on z and of fixed 
values  of the Poisson coefficient.  

The presen t  a r t i c l e  d i scusses  the s ta t ic  and dynamic problems  of determining the displacement  in an 
inhomogeneous e las t i c  solid weakened by a c i r cu l a r  sli t .  

w 1. We consider  a solid e las t ic  medium, occupying the whole space. The Lam6 p a r a m e t e r s  2, and/~ 
and the density of the medium p depend on z: 

= p0(alz[ -~- t )  TM,  p = p0(alz] -~ t )  l(1-2v), (1 .1)  

where  v is  the Poisson  coefficient,  a ssumed constant. As is shown in [4], the equations of motion of such a 
medium in the case  of axial symmet ry ,  in a cyl indrical  sys tem of coordinates ,  can be wri t ten in the fo rm 

vF2el-av 0-~r V2r - -  ~ = O, 

V2~ - -  v~-2e l-4v 02 ~ = (1 (1.2) 
�9 ~ O l .  2 v ,  

where  V 2 =~2/0r2+ 0 / r 0 r +  0~/0zZ; v 1 and v 2 a r e  the ve loc i t ies  of the deformation waves for z=0 ,  e =a]z] + 1. 
The functions r and r a re  connected with the vec to r  displacement  u =u l+  u2=ur i r+  Uziz by the dependences 

U182(1-2v) = V O,  112 ~2(1-2~') = V X (i~O~/Or), (1.3) 

where  i~p is  a unit vec to r .  

In the plane z = 0 the re  is  a c i rcu la r  opening of radius r = 1 with its center  at the origin of coordinates.  
It  i s  r equ i red  to solve the sys tem of equations (1.2) 'under the assumption that the displacements  and s t r e s s e s  
in the vicini ty of the sli t  a re  the same as in a semiinfini te body z>-0, where,  at the f ree  sur face  z=0 ,  the 
following boundary conditions obtain: 

gz ---- --P~ . Po exp (--io~t), 0 ~ r < t, 
Trz = O, O~-~r< co, u z ---- O, r >  l, (1.4) 

Sumy. Trans la ted  f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki ,  No. 3, pp. 152-161, May- 
June, 1978. Original a r t i c le  submitted Apri l  7, 1977. 
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w h e r e  (r z, and ~'rz a r e  componen t s  of the t e n s o r  of  the s t r e s s e s ;  u z i s  the axia l  d i sp l acemen t ;  Ps is  the s ta t i c  
p r e s s u r e ,  excluding the poss ib i l i t y  of  c los ing  o f  the sli t .  

We so lve  Eqs .  (1.2) under  the condit ion that  v = 1/4.  Since the s t r e s s e s  a r e  even with r e s p e c t  to z, the 
p r o b l e m  is  c o n s i d e r e d  for  the h a l f - s p a c e  z - 0 .  The  so lu t ion  of  Eqs .  (1.2), bounded fo r  z>-0 ,  i s  sought  in the 
f o r m  

v o  

r = i Ax (~z) Jo ((zr) ~.e-~Zda, 

(1.5) 
, = ! A~ (a) .70 (ar) ae  -n~ da,  

'0 

w h e r e  6 = 1 / ' ~  - -  k2,3; ~1 = 1 / ~ ;  kZ = r tr is  the sepa ra t ion  p a r a m e t e r  of Eqs .  (1.2); J0(otr) i s  a B e s s e l  
function.  We s e l e c t  the s igns  of  the r a d i c a l s  in a c c o r d a n c e  with the condi t ions  

5 = (~x ~" - -  k2i3)1] ~, a > k / W  3, 

~1 = ( ~ :  - -  k2)'/~, a > k, 

6 = - - i ( k V 3  - -  r 2) ' f l ,  0 <~ ~ < k / - l / ~  rl = - - i ( k  2 - -  r162 

0 ~ < ~ < k .  

(1.6) 

Using dependences  (1.3), we e x p r e s s  the s t r e s s  and the d i sp l acemen t  in t e r m s  of the funct ions  �9 and ~ : 

ch = P [(V2--2Tz~ eaz/q9 ~- R (2~z - r 

0 

(1.7) 

Using (1.4) and the second  r e l a t i onsh ip  of  (1.7), we find 

Al(~t) = __(~2 @ ,12 @ aq)(25 @ a)- lA2(~) .  

We take the f i r s t  boundary  condit ion in the f o r m  

(1.8) 

(r z -~ _ Poe-i~t 

s ince  the s ta t i c  s t r e s s  can be taken into cons ide ra t ion  independent ly  of  the solut ion of the dynamic  p r o b l e m .  
Using  the o t h e r  boundary  condi t ions  (1.4) and (1.8), we obtain 

oo 

tt f [aRa (~) A. z (a) Zo (ar)] (25 ~- a) -x da . . . .  Po" r < 1, 
0 

S~ [6k 2 ~- a (~"- --  ~15)1 A., (~)/o (ar) (25 a) -1 dc~ = 0, r > I, 
0 

where  Ra(~)  is  the Ray le igh  funct ion  o f  a m e d i u m  with the p r o p e r t i e s  (1,1): 

tla(~) == (2~ ~ k~-) '- ~ ' - -  - -  ~z-6q -- k~ + q) : -  3:t-~(6q - -  ~;). 

Denot ing 

D (a) = [5k2 ~- a (a 2 --  67)1 aA., (-~). 
2 8 T a  

H(~) -- 3Ra (a) 
4a [Sk: ~- a(~2-- 6q/] --  1, 

(1.9) 

we a r r i v e  at  the p a i r w i s e  i n t eg ra l  equa t ions  

J' D(cQ J0 (~zr) dec -- 0.1" > 1, 
0 

o o  

I ceil + H ( a ) l D ( a ) J o ( ~ z r ) d  a - -  3I,o 
[~ 4,no'  

r < l .  
(1.1o) 
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Equations (1.10) a r e  a special  case of the more  genera l  sys tem 

~o:'~ [ 1 -~- H (o:)] D(o:) Jz (ar) rlo: := f(r). r < d, 
b 

~D(~) Yz (o:,') do: = 0, r > d. 
0 

In our  case,  7 = 1, ~t= 0, d= 1, f(r) =-3Po/4/~ 0. In accordance  with [51, we seek the solution in the form 

D(o:) ---- ( 2 u )  ') r .i 

where  0(~) sa t i s f ies  a F redho lm equation of the second kind: 

(LID 

d 

0(x) + .LJ' di = r(x); 
0 

M(x, ~) = "~(Z, ~-)2- .! o:H (a) Jz+~,, (o:x) J + ~  (&~) da, 

(1.12) 

(1.13) 

and I'(7) is  a gamma function. 

I f O < T < 2 ,  then 

F(x) = x - x - F  S'+F /(r)rX+l(x2--r) " dr. 
b 

(1.14) 

Taking account  of the values  of T, ~t, and d, f rom (1.11)-(1.147 we find 
1 

D(O:) = f  t" 0(~)sin(~)d~, F(x)= 3pox.,_ 

M(x, g) = n(x~) F ( atl(o 0 1, (o:x) Jl  (o:~) do:. 
b r F 

(i.is) 

(i.i6) 

To go over  to the s ta t ic  problem,  we find the l imit  of H(a ,  w) when w tends to zero:  

lira H(o:, (,)) 3 (2a @ 3a) 2 
~-~0 = 4~ (3~ + 2a) -- t. 

Then the kerne l  (1.16) can be r ep re sen t ed  in the fo rm 

['(t0s-'-27a)a . . . .  sin(o:x)do: ~ [81 ln~ +~ + 
0 

@ 6i (sin01 si01 ~- cos01 ci01 -- sin02 si0~ -- cos0., ci02)], 

2 a(~ --x) ,  0., = "~ o , = - ~  . . ~ , ( ~ + x ) .  (1.17) 

Thus,  the s ta t ic  problem is reduced to the solution of the in tegra l  equation (1.12) with the kernel  (1.17), 
in which si0 and ci0 a r e  the in tegral  sine and cosine. As can be seen f rom (1.17), at  the diagonal ~ =x, the 
ke rne l  has  a logar i thmic  singulari ty.  All the Fredho tm th eo rem s  [6] axe applicable to equations with such 
kerne ls .  Since the logar i thmic  singulari ty has an o rde r  < 1/2, the kernel  (1.17) sa t i s f ies  the condition 

i 

[ M(x, B )]2dB ~A ,  (L18) 
0 

where  A is some finite constant. Since the integrat ion in tegral  is finite, then f rom (1.18) there  follows the 
sat isfact ion of the second equation: 

I I 

j' S { M(x, ~)[2dxd~ : B 2 < A .  (1.19) 
0 0 

It  can be shown that the p a r a m e t e r  of Eq. (1.12) with the kernel  (1.17) X = 61a/48w is not an eigenvalue 
of the equation. Then, on the basis  of the Fredholm a l te rna t ive ,  i t  has a singular solution. Since the r igh t -  
hand side of Eq. (1.2) is  a bounded function, the solution of the equation has  the same proper ty .  
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F o r  an a p p r o x i m a t e  s e a r c h  for  the solut ion,  we use  the method of  s u c c e s s i v e  app rox ima t ions :  
t 

O(x)=Oo(x)+~_.  ~ 7~On( , r )=F(x)~ '  ~ Z  '~ . , (g~(x ,~)F(~)d~,  
n =  1 n ~  1 0 

(1.20) 

whe re  Kn(X, .~) i s  an i t e r a t e d  ke rne l  of  the  n - th  o r d e r .  

As  i s  wel l  known [6], i f  the ke rne l  of  Eq. (1.12) s a t i s f i e s  the condi t ions  (1.18), (1.195 and 

7. < B-~, (1.21) 

then the s e r i e s  (1.205 c o n v e r g e s  abso lu te ly  and un i fo rmly .  I t  can be shown that ,  for  weakly  inhomogeneous  
media ,  t he  condi t ion  (1.21) i s  sa t i s f ied .  The ze ro  app rox ima t ion  of  the solut ion (1.20) c o r r e s p o n d s  to the case  
o f  a h o m o g e n e o u s  m e d i u m  (a = 0): 

3 (1.22) 0 o -- 4~t ~ Po x. 

C a r r y i n g  out  the  n e c e s s a r y  computa t ions ,  we find the  fol lowing t e r m  of the solut ion (1.20): 

01(x ) ~ {81(xln x- -  x) 61,, = a ~ t~cos~l slgl - -  c o s ~  siq~ ~- sinq~ ci~o~ - -  

. . 3 ~ , ])3po - -  smq~ cW~ ) --  (sinqq si( h --  sin%) sirfz --  cosqc,, cirf~ ~ lnqc~ ~ cosqh ci(p~ _ lnff~) 
4Lt---- 0 ' 

,3 r 
,n  = (~ = ~5 -~ ~, ~. = (x - l )  ~a .  (~ .2~)  

Act ing  ana logous ly ,  we can a l so  find the  o the r  t e r m s .  They  a r e  all  bounded in the i n t e r v a l  (0, 1) and, in the 
c a s e  of  a h o m o g e n e o u s  m e d i u m  (a = 0), r e v e r t  to  ze ro .  

w 2. Le t  us  ca lcu la te  the ax ia l  and r ad i a l  d i s p l a c e m e n t s  in the h a l f - s p a c e  z >- O. Using r e l a t ionsh ips  
(1.5), (1.7)-(1.9) ,  and (1.15), we obta in  

o c  

lt. = i" [~ (2a2 --  k'~ :- a~l) e -'~: --  a:(28 + a) e -zn] D(a)lo (~r) d~  
" O' 6k z -7 a ( u " -  - -  ~16) 

(2n) 

Let t ing  w a p p r o a c h  z e r o ,  and us ing  the L '  Hosp i ta l '  s rule ,  we a r r i v e  at  an e x p r e s s i o n  f o r  the  s t a t i c  ax ia l  
d i s p l a c e m e n t :  

�9 / 
u~ = 3(P" +PoI2.uo~ 6[J O'(} ,o  a)sin (u}) k t } 3 3(3<z +2a) e - Z ~  Jo(ar) da. 

Taking  a s  0 =~3po/41~o)0' the  s u m  of  the  two t e r m s  (1.22) and (1.235, we obtain a f i r s t  app rox ima t ion  for  the 
ax ia l  d i s p l a c e m e n t  in an i nhomogeneous  m e d i u m :  

3( po "- Ps) sin ~ cos a 2z~z e Jo (ar) de. (2,2) Uzs == 2a Po "0 [ a--"- ~ ~ o [ O~ (}, a) sin (r d~ 1 -r- 7 --  ~(3-z ~- 2a) 

In  the case  of  a h o m o g e n e o u s  m e d i um ,  0 ' l (~,  a) =a = O, and e x p r e s s i o n  (2.2) co inc ides  with the r e s u l t  
ob ta ined  in [2]. Us ing  (1.75 and the o the r  n e c e s s a r y  dependences ,  we find the rad ia l  d i sp l acemen t ,  

Ur := --  t aD(a)[-- (a s + ~l 2 '-- a~l)e -6z + ~1(26 4- a) e--z~l ! Jl(ar) da. (2.35 
b 6k2 § a(a~ -- ~16) 

The  c o r r e s p o n d i n g  s t a t i c  d i s p l a e e m e n t  is  b rought  into the f o r m  

3(Ps + Po) sin a cos ~z - 2z~Z a(l --  7za-- 3z) --ze 
Urs 2npo ~ ~ i .t" 0] (~, a) sin(~z~)d~ Y 3(6a--4a) �9 . e Yl  ( e r )  d e .  ( 2 . 4 )  

0 

In the case  of  a h o m o g e n e o u s  m e d i u m ,  (2.4) a l so  co inc ides  with the r e s u l t  obta ined  by Sneddon [2]. F o r m u l a s  
(2.2) and (2.4) make  i t  p o s s i b l e  to ca lcu la te  the f i r s t  c o r r e c t i o n  to the t rue  solut ion for  a homogeneous  med ium,  
due to the i n h o m o g e n e i t i e s  o f  the l a t t e r .  

F o r  an a p p r o x i m a t e  solut ion o f  the d y n a m i c  p r o b l e m ,  i t  is  useful  to r e p r e s e n t  the ke rne l  (1.16) in ano ther  
f o r m .  The  c o r r e s p o n d i n g  p r o c e d u r e  of  the  ca lcu la t ions  is  se t  for th  in [1]; t h e r e f o r e ,  we give  h e r e  only the 
f inal  r e su l t .  I n t e g r a t i n g  i n  the  complex  plane,  and se l ec t ing  the s igns  of  the r a d i c a l s  5 and 7, in a c c o r d a n c e  
with (1.6) we obtain 
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2 bq 

M ( x ,  ~) = k ~  J" Oq (;, ~) e ~ sin (~ ; )  d ; ,  
q=t  aq 

w h e r e  

q)~ = ad(2~*..-- t)* q:- 4~ a,t]~] + fl~ (;~ + ~n~) n.~; (2.5) 
~ + 1~ ~ (;~ + a~1~)~ 

a~ =- O, a~ -= b, = t /V-3,  b.,. = 1, (2.6) 

; = alk ,  6~ --- V i / 3  U, ~h = V'I ' ;2, G = V ~  - t/3, ~ = a/k. 

Postu la t ing  that 0-<a < k< 1, we expand the kerne l  (2.5) in a Lauren t  s e r i e s  and a Maclanr in  s e r i e s  in 
t e r m s  of the  p a r a m e t e r s  k and a~ 

M(x, ~)= -rot (,z--m)I M.~(x, ~)Er~.r~-,~, (2.7) 
n= l  rn=l 

(n - -  nO! ~ d ~ n - m  ] ~=o (2.8) q = l  Oq 

. %  = � 8 9  = ~)" = (I ~ - _~ l ) ' ] .  

The  poss ib i l i ty  of expanding the functions (2.6) in t e r m s  of the p a r a m e t e r / ~  c o m e s  f r o m  the following 
cons idera t ions .  F o r  the p a r a m e t e r  ~ we shall  allow not only r ea l ,  but  a l so  complex  va lues  (a med ium 
with the absorp t ion  of energy) .  Then,  with a fixed value of [ ,  the functions #q can be r e g a r d e d  as  analyt ical  
functions of the v a r i a b l e  t ,  each of whirl1 has  two poles .  A zero  value of the p a r a m e t e r / 3  i s  a r egu la r  point.  
T h e r e f o r e ,  in a sma l l  c i r c l e  with i ts  cen ter  at  the point fl = 0, both functions a r e  r e p r e s e n t e d  by a Tay lo r  
s e r i e s .  Since the coeff icients  of this s e r i e s  a r e  in tegrab le  functions of  the v a r i a b l e  g, a f t e r  the i r  in tegra t ion  
we obtain a converging s e r i e s  with the coeff icients  (2.8). Out of this  t he re  follows a lso  the convergence of a 
s e r i e s  in power s  of the r ea l  p a r a m e t e r  ft. 

I n  acco rdance  with the expansion (2.7), we seek  the solution of Eq. (1.12) in the f o r m  

0 (x) = ~" ~ 0 ......... (x) 12'i 6 ...... == 0~,, (x) 5- l, Ojo(x) -_ I~0o~ (x) g- k: O~o (x) g- (2.9) z~ .i.~ . . .  

Substituting (2.7) and (2.9) into (1.12) and equating t e r m s  with ident ical  powers  of  the  p a r a m e t e r s ,  we obtain 

n--m m--I ~m_qE 1 
I 'K ~ ~"  __ ,.:,1~ ....... -~ ~'0 ~ . . ( 2 . 1 0 )  

0m+i ....... - ~ ~'~ ~ ('~--q)!('~--~7Z-7~! b ,1,v(r , ~)(t~. 
?=0 ,s=0 

For 000 , we obtain directly a value equal to 3p0x/4# 0. In constructing formula (2.10), it was taken into consid- 
eration lhat, as follows from (1.12), all 00y and 01T (2/= I, 2, 3, ...) are equal to zero. We write in explicit 
form several terms of the sought solution: 

0(x) == 3 1 3 l .~'r~ :1,, ~,, 2 x p i Z  E?n ~n~_ 

q-k~ 3E3~ 6n )v'T.~ E~~ -~- 6a 20n E3~ g - ~  

X3 ~2 

~-t- / ~ --  , ~ . . . .  

] ~ 3.~ ~ " r  3n 7- ~ - -  

+--.}. 
In the c~se of a homogeneous  med ium (,8 = 0), the solution obtained coincides with the solution of [1]. 

The axial  and rad ia l  d i sp l acemen t s  in the ha l f - space  a r e  de te rmined  by fo rmulas  (2.1) and (2.3). We find 
the axia l  d i sp lacement  in the plane of the sl i t  z = 0. Substituting z = 0 into (2.1), and replac ing  D(r by i t s  value 
f rom (1.16), we obtain 
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O'(~)sin(a~)d~ J o ( a r ) d ~ z =  3 ( O'(~,a) d~ 
u~~ = - -  ~ o 2n~--~ ; ( ~ _  ~:)~/2 " 

I f  we wri te  

i 
( o' (a) d~ ,' (V -- ~")'~2 (l - -  r'-) 1/~ (/~ - -  i / , ) ,  

then the axia l  d i sp lacement  a s s u m e s  the f o r m  

uz0 = 3(1 - -  r"-)U'-(2~uo)- l[p~ - -  po exp (--io)t)](/1 - -  i/..). 

Separat ing oat the r ea l  par t ,  we obtain 

Reu~o = 3(1 - -  r~-)1/-~ [l),~-}- poO, COS (o)t - -  (Oo)], 

where  

: :  V + J2; '% : :  ,,rc,g 

)t 2 ~ " ~  E2n ~n , k5 7E~o ~- ~ X 
= 3n z_~ n--T T - -  ' 

7~0 

• (2E,o ! ~-~ )J + k'[~ S , 99 EIoE,1))  

_y g - i  : EnE~o  loE21 
41 ]- ~ . . . . . . .  

Thus,  the d i sp lacemen t  in the plane of 

(2.11) 

(2,12) 

(2.13) 

(2.14) 

the sl i t  is  given by fo rmula  (2.11). The t e r m s  in (2.13) and (2.14) con- 
mining the fac tor  fl take account  of the effect  of the inhomogenei ty  of the medium.  

Represen t ing  the init ial  phase  of the v ib ra t ions  w 0 in the fo rm of the sum 

0)0 ~ (s ~ (~02~ 

where  r  [(fl/f2)fl =0], f r o m  (2.12) we obtain a fo rmula  for  the approx imate  determinat ion of the p e r -  
turbat ion of the ini t ial  phase  of the v ib ra t ions  under  the effect  of  the it2aomogeneity of  the medium with tow- 
frequency v ib ra t ions :  

~ I~o!1 ( 2 . 1 5 )  
(~176 -- arctg 12/~o ' 

where  fl0 and f20 a r e  equal,  r e spec t ive ly ,  to fl and f2 for f l=0.  F r o m  (2.15) i t  follows that,  under  the above 
conditions,  in a med ium with the p r o p e r t i e s  (1.1), the pe r tu rba t ion  of the ini t ial  phase  of the v ib ra t ions  does 
not exceed the angle ~/4. 

In [7] a fo rmula  was  obtained for de te rmin ing  the t r a n s v e r s e  c ro s s  sect ion of an obs tac le ,  sca t te r ing  
e l a s t i c  waves  in a solid medium.  The t r a n s v e r s e  c r o s s  sect ion S is  defined by the ra t io  

S = T V1/W0. 

where  W 0 i s  the ene rgy  of the incident wave~ p e r  unit  a r e a  of the obs tac le ,  n o r m a l  to the d i rec t ion of p ro p ag a -  
t ion  of the wave; W 1 i s  the e n e r g y  of the s ca t t e r ed  wave,  p e r  unit a r e a  of a sphere  of l a rge  rad ius  R, su r round-  
ing the o b s t a c l e ,  In the case  of a longitudinal wave,  p ropaga t ing  pa ra l l e l  to the Ox axis ,  

S = ~ --= l m g  ~u)~ (2.16) 
y3 

where  g(0) is  e x p r e s s e d  in t e r m s  of the ampl i tude  of the longitudinal s ca t t e r ed  wave at  a dis tant  point of the 
field. Our a i m  is  to der ive  a fo rmula  for  the t r a n s v e r s e  c ross  section of a c i r cu l a r  sli t  in the inhomogeneous 
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m e d i u m  u n d e r  cons ide ra t ion .  
r = 0 s o m e w h a t  d i f fe ren t ly :  

F o r  this  p u r p o s e ,  we wr i t e  the e x p r e s s i o n  for  the axial  d i s p l a c e m e n t  (2.5) at  

u z = --  6e -~ I : I ~. 2a ~ -- k= __ a~l 

We r e w r i t e  the f i r s t  t e r m  in the f o r m  
1 ~ . h v l z l  ~ _ _  

3 V S N ~ = - - M i , f A ,  k l /  e' i~ v~dv~-k tA~ k l "  " e" 
O 0 �9 

a 
~ u-du. 

w h e r e  v = 1 / t  - -  ; : ;  ; c~] "3/k; u , -  - -  1. 

A s  z - .0r we obta in  an  a s y m p t o t i c  r e p r e s e n t a t i o n  fo r  Nl(k, z) [81: 
�9 . . , 

,V~ = - -  A~ (0) 31 z 1 

We t r a n s f o r m  the s econd  t e r m  in  (2.17) a na l ogous ly :  

w h e r e  

--ha I z I 
x 

N., = - -  k 1" . 4 x ( k ] / ~ )  e-  ~ ' :  'G (v) v (1 --  v 2) dv -F k i" Ax(k]" 1 -r -~) • 
b 

• e-k- I, l G (u) u (t + u ~) du, 

~.~-: a . I V i - v 2 ,  ; < l ,  
G ( ~ ) =  2=~-k~+ . , ] '  ~ = k ~ ;  ; = [ V l + u  2, ~ > t .  

Again  us ing  the  r e s u l t s  o f  [8], we find that ,  a s  z -*oo, N2=0.  Then  f r o m  (2.18) we find tha t  g(0) =- (kZ/3)Al(0) ,  
and (2.16) i s  b rough t  to the f o r m  

4~_k Im Ax (0). 
13  

S 

S ta r t ing  f r o m  (1.8), (1.9), and (1.15), we obta in  

i ! 

Ax(0 ) ,. 2a-*--k-"• i '0(~)s in(a~)d ~ 21 3~ i = r i m  -c-~ - -  --v : - -  -- ~0 (~) d~. 
~.~0 ~ [6k- 7 a (~ -- 116)] ,J k.~ 

o 

(2.18) 

Thus ,  we f inal ly  obtain 

i 

s . . . .  8~e ( ~0 (~) d~. 

Subst i tut ing here  the va lues of  8(~) f r o m  (1.23) and l i m i t i n g  ourse lves  to a few t e r m s ,  we express the t r a n s -  
ve rse  cross sect ion as a funct ion of the two paramete rs  k and/3: 

S 8~ t  , 2 k ' { _ _  [5' ) A" [ i 7E~o+  108E,o-- = ~ -:---~! E.,o. § ~JE21--~_ E.,,..--~ . . .  + 

- -  ~ (34EaxE:o -i- '108~E~x) + ,6" (17E.,~E~o ~ 5~,~E4~ ) - -  [~3 (17E.,,E2~ + 
. o ] ':. 

, ~ ( i / E ~ z + 1 8 a E 4 ~ )  + -1 - : - . . .1  ~- 18nEaz) ~- T "" 
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D E F O R M A T I O N  OF A S T O C H A S T I C A L L Y  

I N H O M O G E N E O U S  S O L I D  W I T H  AN O P E N I N G  

N. B.  R o m a l i s  UDC539.3.01 

At the p r e s e n t  t ime,  there  exis t  a v e r y  l a rge  number  of solutions of the deformat ion  of unbounded 
s tochas t ica l ly  inhomogeneous bodies.  In these  solutions effect ive moduli of e las t ic i ty  a r e  de te rmined ,  i .e . ,  
the mechan ica l  p r o p e r t i e s  of the m a t e r i a l ,  ave raged  over  the spat ia l  region,  as a function of the p a r a m e t e r s  
cha rac t e r i z ing  the s t ruc tu ra l  inhomogenei ty of the medium.  However ,  by v i r tue  of the nonlocal cha rac te r  of 
the connection between the mean s t r e s s e s  and the mean deformat ions  [1], the effect ive modul i  of e l a s t i c i ty  
depend to a cons iderab le  degree  on the boundary-va lue  p rob lem.  I t  mus t  be noted that,  for  the solution of 
concre te  boundary-va lue  p r o b l e m s  in the theory  of e las t ic i ty ,  cons iderable  ma themat i ca l  diff icult ies  a r i se .  
At the p r e sen t  t ime,  the re  ex is t  solut ions to a number  of boundary-va lue  p rob l ems  of the s tochas t ica l ly  
inhomogeneous theory  of e las t ic i ty  for a ha l f -p lane ,  a band [1], and an infinite plane with a c i r cu la r  opening 
[2, 3]. In the case  of antiplane deformat ion ,  a solution has  been given to the p rob l em of the propagat ion of a 
c rack  in a s tochas t ica l ly  inhomogeneous body [4, 5]. 

W e  consider  the plane p r o b l e m  of the deformat ion  of a body, whose e las t ic  constants  a r e  random func- 
tions of the coordinates .  With the su r face  fo rces  gi given at the contour L of the region S, occupied by the 
body, and in the absence  of vo lume t r i c  fo rces ,  the equations of the plane p rob lem of the theory of the e las t ic i ty  
of i so t rop ic  inhomogeneous bodies,  wr i t ten  in t e r m s  of the s t r e s s e s ,  have the fo rm [1] 

Xn ~ ~x COS lZX @ TxgCOS rty ~--- gl, 

Yn = 'r:,,~ cos nx -- ~v cos n g =  g2, 

0%: OTxg V 2 O'~q ev , .~ d:q O2q e (1) 
- -  - -  = O ,  ['~, (%. - - e , ~ ) ]  = = _ ' + 

O.c O~l Ox ~ v x  gJy~ Y ' . d ~  r x Y  

~r,,j 0% O. 
O ,V (., ~j 

H e r e  q and 1~ a r e  e x p r e s s e d  in t e r m s  of the Young modulus E(x, y) and the Poisson  coefficient u(x, y) by the 
r elat io nship s 

7 = I/E, q = (i + ,,,),'E, (2) 

where  V 2 is  a Laplace  ope ra to r ,  

Let  q(x, y) and 7 (x, y) be r andom functions of  the coordinates .  Then re la t ionships  (1) constitute a s to-  
chas t ica l ly  nonl inear  p rob l em,  de te rmin ing  the r andom functions r ij(x, y). We r e p r e s e n t  the values  of q and 
7 in the f o r m  q= (q) + qT y= @) + 7 t  We postula te  that the r andom functions q(x, y) and y (x ,  y) a r e  s t a t i s t i -  
cal ly homogeneous  and a r e  s ta t i s t i ca l ly  homogeneously  in terconnected  ((q) = const,  @) = const). I f  the solution 
of the p rob lem (2) is  r e p r e s e n t e d  in the f o r m  of a s e r i e s  in powers  of some p a r a m e t e r  ~r then the p rob lem 
(1) is  no rma l i zed .  The p a r a m e t e r  ~ is  in t roduced by the re la t ionships  [1]. 

q _._( q> • ? .:  -?~:. _~_ • Ti ~ = ~" • (3) 
h--0 II 

Substituting (3) into (1), and equating exp re s s ions  with identical  powers  of ~t, we obtain a boundary-value  
p rob l em for the zero approximat ion ,  

Voronezh.  
May-June ,  1978. 
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